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Alice and Bob

e Alice and Bob are names given to hypothetical entities or agents in systems,
protocols, and games that involves the exchange of information.

e They are assumed to be in different locations.
e The specific roles they play must be clarified in different situations.

e Additional characters (e.g., Charlie, Diane, Eve, and Mallory) may be
introduced as needed.



Remarks on entanglement

In Lesson 2, we encountered this example of an [Flfeli-{l=e 8561 of two qubits:

S
|$ )—\/5|00>+\/§|11)

We also encountered this example of a [ggelelelelliEleieti=] of two bits:

1 1
~100) + Z|11)

It is typical in the study of quantum information and computation that we view
entanglement as athat can be used to accomplish different tasks.

When we do this we view the state |cb+) as representing one unit of entanglement called
W -bit

Terminology

To say that Alice and Bob means that Alice has a qubit A, Bob has
a qubit B, and together the pair (A, B) is in the state | ).



Teleportation set-up

Scenario

Alice has a Q that she wishes to transmit to Bob.

e Alice is unable to physically send Q to Bob — she is only able to
el classical information.

o Alice and Bob [HlelizRel =211

Remarks

e The state of Q is “unknown” to both Alice and Bob.

e Correlations (including entanglement) between Q and other systems
must be preserved by the transmission.

o The [leRallelsllat-8i )¢z} implies that if Bob receives the transmission,
Alice must no longer have the qubit in its original state.



Teleportation protocol

Circuit description

Alice

Bob

Initial conditions

Alice and Bob share one e-bit: Alice has a qubit A, Bob has a qubit B,
and (A, B) is in the state [b ™).

Alice also has a qubit Q that she wishes to transmit to Bob.



Teleportation protocol

Operation performed by Bob

1 if ab =00

A .
ﬂ\ Alce Z ifab=01
Bob

X ifab =10
B ZX ifab=11

1)

Protocol

1. Alice performs a controlled-NOT operation, where Q is the
control and A is the target.

2. Alice performs a Hadamard operation on Q.

3. Alice measures A and Q, obtaining binary outcomes a and b,
respectively.

4. Alice sends a and b to Bob.
5. Bob performs these two steps:

5.1 If a =1, then Bob applies an X operation to the qubit B.
5.2 If b =1, then Bob applies a Z operation to the qubit B.



Teleportation analysis

oc|0) + BI1) ——9—+ il -
a\ Alice
|¢+) Bob

«[0) + B[1)

Imo)  |m)  |m2)

|000) + o¢|110) + B|001) + B|111)

|710) = 7
) = «|000) + «|110) + B[011) + B|101)
H 2

x[00)|+) + o|11)|+) + B|01)[—) + B[10)[—)

|7t2) =

V2



Teleportation analysis

_ x[00)[+) + x[11)|+) + B[01)[-) + B|10)[-)

|7t2) 7
_ «[00)(]0) + [1)) + ec|11)(]0) + [1)) + 3[01)(]0) — |1)) + B[10)(]0) — [1))
- 2
_ «]000) + «|001) + o|110) + |111) + 3]010) — B|011) + B|100) — 3]101)
- 2

= 5 (10} + B[1))[00) + 5 (e[0) ~ BI1))I01) + 5 (1) + BJ0))[10) + 5 (ex[1) ~ B]0))[11)



Teleportation analysis

|712) = 3 (xl0) + B11)) [00) + 2 (ex|0) ~ BI1)) 01} + 3 (xI1) + B[0)) [10) + 5 (axl1) ~ B[0)) ]11)

Pr(ab = 00) = %Ilcxlo) +BIL)]* = %
Pr(ab =01) = %Iloc|0> - Bl)I? = %
Pr(ab = 10) = %llocll) + Bl0O) I = %
Pr(ab = 11) = %Ilcxll> - BlO)II* = %



-tation analysis

[712) = 3 (xl0) + B11)) 00) + 2 (e|0) ~ BI1)) 01} + 3 (xI1) + B[0)) [10) + 5 (axl1) ~ B[0)) ]11)

ab

Probability

Conditional state of (B, A, Q)

Operation on B

Final state of B

00
01
10
11

E N e N e N R N

(x|0) + B|1))]00)

(«]0) = B|1))l01)
(«/1) + B]0))|10)
(/1) - Bl0))[11)

1

Z

X
zZX

x[0) + B[1)
x[0) + B[1)
x[0) + B[1)
x[0) + B[1)



Teleportation analysis

x[0)[vo) + BI1)|v1)

x[0)[vo) + BI1)|v1)

«[00)|0}[vo) + ex|11}[0)|vo) + B|00)[1)|v1) + B|11)|1>|Y1>)

) = %,z(oqoo 10)lv0) + l11)[0) o) + BIOL)[1)ly1) + BI10)[1) v1))
(oc|oo [+)lvo) + 11} +)lvo) + B101)=)lv1) + BI10}|-)|v1))

«[0)|00)[vo) + ¢|0)[01)|vo) + x|1)[10)[vo) + e[1)|11)]v0)
+B[1)|00 )I 1) = BI1)[0L)]y 1)+B|0)|10>|Y1)—B|0)|11>h/1>)



Teleportation analysis

x[0)[vo) + BI1)|v1)

x[0)[vo) + BI1)|v1)

|72) = %(oclO)lOO)h/o) + «|0)[01)|vo) + [1)|10)|vo) + x|1}[11)|vo)
+B[1)[00}[v1) - B1)01)|v1) + B]0)[10)[v1) - B|0>|11>|Y1>)

ab | Probability | Conditional state of (B, R, A, Q) | Operation on B Final state of (B, R)
00 i («l0)]v0) + BI1)Iv1))|00) 1 x|0)|v0) + BI1)Iv1)
01 i («10)v0) = BIL)v1))l01) z x|0)|v0) + BI1)Iv1)
10 7 (x|D)lyo) + Bl0)|v1))I10) X x[0)|vo) + BI1)|v1)
I i (I1)lvo) — BI0)Iv1))I11) zx x|0)|vo) + BI1)|v1)



Remarks on teleportation

e Teleportation is not an application of quantum information — it’s a way to

RN 5.anium communication
e Teleportation motivates [Falielet={l=atlfe iEilllelilelg] as a means to reliable

guantum communication.

e Beyond its potential for communication, teleportation also has fundamental
importance in the study of quantum information and computation.



Superdense coding set-up

Scenario

Alice has [{leNelel53eelN6Ii that she wishes to transmit to Bob.
e Alice is able to send a EJigr{{=Re¥ls]ts to Bob.

e Alice and Bob

Remark
Without the e-bit, Alice and Bob’s task would be impossible...

g IRl Il implies that two classical bits of communication cannot
be reliably transmitted by a single qubit alone.



Superdense coding protocol

Circuit description

b =—o

a ———




Superdense coding analysis

1

1
7) = 7=100) + —=[11)
_ 1 1
e 7) = =100 - <= 1)
oL 1
) = —5101) + —=|10)
™) = —[01) - —|10)
a BN A

ab | Alice’s action Bob’s action

00 | [¢7)=[d™) | [67)~ |00)
0L | [¢") = |d7) | [7) = |01)
10 | [¢7) = [T) | [WT) ~ [10)
11| [¢T) = [b7) | (W) = —[11)




Remarks on superdense coding

Superdense coding seems unlikely to be useful in a practical sense.

The underlying idea is fundamentally important, and illustrates an
interesting aspect of entanglement.

Together with teleportation, superdense coding establishes an equivalence:

1 qubit of quantum ihezbi’t 2 bits of classical
communication communication



Nonlocal games

Mathematical abstractions of fgfelgglzF] are both important and useful.
The CHSH game is an example of a

Set-up

No communication
The players are Alice and Bob, who between Alice and Bob

cooperate as a team.

The game is run by a

Alice and Bob can prepare for the

game however they choose... a
X

...but once the game starts they are

forbidden from communicating.

Referee




Nonlocal games

Mathematical abstractions of fgfelgglzF] are both important and useful.
The CHSH game is an example of a

The referee o
No communication

The referee uses to select between Alice and Bob
the questions x and y.

The referee determines whether a pair

of answers (a, b) [ZENIREEEE for the

questions pair (x,y) according to

some fixed rule. a
X

(A precise description of the referee

defines an instance of a nonlocal
game.)

Referee




Nonlocal games

CHSH game referee

1. The questions and answers are all bits:
x,y,a,be {01}

2. The questions x and y are chosen

uniformly at random.

3. A pair of answers (a, b) for (x,y) if

a®b=xAy

Y oses othernise)
(x,y) | winning condition
(0,0) a=b
(0,1) a=b
(1,0) a=b
(1,1) at+b

Bob

Referee

Deterministic strategies

No deterministic strategy can win every time.

a(0) ® b(0) =0
a(0) ® b(1) = 0
a(1) @ b(0) = 0
a(l)®b(1) =1

It follows that no deterministic strategy can
with with probability greater than 3/4.



Nonlocal games

CHSH game referee

1. The questions and answers are all bits:
x,y,a,be {01}

2. The questions x and y are chosen
uniformly at random.

3. A pair of answers (a, b)for (x,y) if
a®b=xAy

ENilel [0ses otherwise.

(x,y) | winning condition

(0,0) a=b
(0,1) a=b
(1,0) a="b

(111) a#b

Probabilistic strategies

Every probabilistic strategy can be viewed as
a of a strategy.

It follows that no probabilistic strategy can
win with probability greater than 3/4.



Nonlocal games

CHSH game referee

1. The questions and answers are all bits:

x,y,a,be {01}

2. The questions x and y are chosen

uniformly at random.

3. A pair of answers (a, b) for (x,y) if

a®b=xAy

Y oses othernise)
(x,y) | winning condition
(0,0) a=b
(0,1) a=b
(1,0) a=b
(1,1) at+b

Can a[elilelalillghSigelir% do better?



CHSH game strategy

For each angle © (measured in radians), define a unit vector . . .
This slide corrects a typo in

the video: the “+” sign in
[ b3n/8) appeared
incorrectly as an “=" sign.

[We) = cos(6)]0) +sin(0)[1)

1)
[Wanjs) = ¥25210) + Y202 1) 0 | cos(8) sin(0)
[Wrja) = 7510) + 7511) o ) 0
s 2++/2 2-2
3 2 2
-l0) l0)
n 1 1
4 V2 V2
3n 2-V2 2+v2
3 2 2
7T
z 0 1

-11)



CHSH game strategy

For each angle © (measured in radians), define a unit vector

[We) = cos(6)0) +sin(0)[1)

1)

[We) O | cos(0) sin(0)

) [We) 0 1 0
s 2+4/2 2-v2
8 2 2

-10) |0)

fus 1 1
4 V2 V2
3n 2-V2 2+2
8 2 2
= 0 1

-11)
By one of the [elgf{ZXelelaliale)gN fe)gpa el we have

(Walbp) = cos(ex) cos(B) + sin(ex) sin(B) = cos(ax - B)

cos( o) cos(B) + sin( ) sin(B) _ cos(ax— )

V2 V2

(Vo ®Wpld™) =



CHSH game strategy

For each angle © (measured in radians), define a unit vector

[We) = cos(6)]0) +sin(0)[1)

Also define a unitary matrix

Ug = [0)(Wel| + [1){Wotn2]

Alice and Bob’s strategy

Alice and Bob share an e-bit (A, B).

Alice’s actions

Alice applies an operation to A as
follows:

Uy ifx=0
Uy ifx=1

She then measures A and sends the
result to the referee.

Bob’s actions

Bob applies an operation to B as
follows:

Ung ify=0
U_njg ify=1

He then measures B and sends the
result to the referee.



CHSH game strategy

Alice and Bob’s strategy

Alice and Bob share an e-bit (A, B).

Alice’s actions

Alice applies an operation to A:

Uy ifx=0
Unys ifx=1

She then measures A and sends the
result to the referee.

Bob’s actions

Bob applies an operation to B:

uﬂ/g Ify =0
U_nss ify=1

He then measures B and sends the
result to the referee.




Analysis of the strategy

cos(ax — f3)

Up = [0)(Wol| + [1){(Weurr2l (Vo ® Wpld’) = i

Case 1: (x,y) = (0,0)

Alice performs Uy and Bob performs u%.

(Uo® Uz)db") =00) (o @z |d™)+[01)(o ® hsx |dT)
+110)(Wz @bz |dT) + [11)(bz ® psx|d”)

cos(—Z)[00) + cos(—2)|01) + cos(3F)|10) + cos(—Z)|11)

V2
(a,b) | Probability | Simplified Pr(a = b) 2++/2 N
rta = = =~ 0.

1.2 2+v2 4
(0,0) 5 cos (—%) +T -
(0,1) %COS2(—%) 2—8\@ Pr(a £ b) = Z = 0.15

1273 2-v2
(1,0) | zeos() | H° - .
(1,1) %COS2(—7§I) 2+8ﬁ They win with probability = =0.85.




Analysis of the strategy

cos(ax — f3)

Ug = [0)(Wol| + [1){(Weurr2l (Vo ® Wpld’) = i

Case 2: (x,y) =(0,1)

Alice performs Uy and Bob performs u_%.

(Uo® U_z)|d™) = 00)(bo ® -z [b") +[01){o ® W2z [™)
+[10)(x @ oz |d) +[11)(Wz ®bax [P7)

cos( 5 )[00) + cos(—%”)|01) + cos(%‘)|10) +cos(%)[11)

V2
a,b Probabilit Simplified 2 ++/2
( ) 5 Y pf Pr(a=b) = 4\/_ ~ 0.85
1 2+v2
(0,0) ECOS (%) 5 2_\/5
(0,1) lcos2(—3—”) 2-2 Pr(a # b) = 7} ~ 0.15
' 2 8 8
(1,0) %cosz(%ﬂ) 2%5
1 2/ 243 They win with probability 242 0.85.
(1,1) s cos™ (%) V2 4
' 2 8 8




Analysis of the strategy

cos(ax — f3)

Up = [0)(Wol| + [1){(Weurr2l (Vo ® Wpld’) = i

Case 3: (x,y) =(1,0)

Alice performs U% and Bob performs U%.

(Uz e Uz)|d") =[00)(bx @ Wx[d7) +[01)(bx @ Psx[d)
+110)(Wax ® bz |d") + [11)(W3x ® sz [db)

cos(Z£)|00) + cos(—3F)|01) + cos(2F)|10) + cos(Z)|11)

V2
a,b Probabilit Simplified 2++2
( ) > Y pf Pr(a=b) = 4\/_ =~ 0.85
1 2412
(0,0) ECOS (%) T 2_\/5
(0,1) lcos2(—3—”) 2-vV2 Pr(a #b) = Z ~0.15
: 2 8 8
1 2¢5 2-+/2
(1,0) | 3cos (%) = 2ev5
(1.1) 1 cosz(ﬂ) 242 They win with probability =2¥= ~ 0.85.
' 2 8 8




Analysis of the strategy

cos(ax — f3)

Ug = [0)(Wol| + [1){(Weurr2l (Vo ® Wpld’) = i

Case4: (x,y) =(1,1)

Alice performs U% and Bob performs U_%.

(Uz @ U_z)[b") = [00)(bz @ b_z|d") +|01)(bz © hax |dT)
+110)(Wax @ p_z[d”) + [11)(3x @ Wz |PT)

cos(%”)|00) +cos(—3)[01) + cos(%)|10) + cos(%‘)|11)

V2
(a,b) :’robjb!:y Sm;?fged Pr(a = b) = 2 —4\/5 015
(0,0) 5 cos (?) == .
(0,1) %cosz _%) 2+8ﬁ Pr(a # b) = pa 0.85
(1,0) | Leos’(ZE) | 222 o .
(1,1) %cos2(3?7r) 2%@ They win with probability = =0.85.




Analy5|s of the strategy

2+\/_

The strategy wins with probability ==*= =~ 0.85 (in all four cases, and therefore overall).



Analysis of the strategy

We can also think about the strategy geometrically.

Using the formula

+ 1
(W ®WpldT) = E(lballbﬁ)

the probabilities of different measurement outcomes can be expressed as follows.

(x,y) = (0,0) [Wsx) [W7)
(a,b) Probability
(0,0) | 3[(Wwolw=)l? W)
(0.1) | 3(olwsx)l
(1,0) | l(wzlw=)
(L1) | sl {bzbss)l®




Analysis of the strategy

We can also think about the strategy geometrically.

Using the formula

1

(Vo ®Wpld") = 7

<1boc|1b[5>

the probabilities of different measurement outcomes can be expressed as follows.

(xy) = (0,1) V5 psa)
(a,b) Probability
(0,0) | H/(Wolw_=)?
(0,1) | 3l{wolsz)?
(1,0) | 2Wzlw_=)?
(1L1) | zHbzlb)




Analysis of the strategy

We can also think about the strategy geometrically.

Using the formula

1
V2

the probabilities of different measurement outcomes can be expressed as follows.

(Wa®Wpld™) = —(Walbp)

(a,b) Probability [Waz) x
CORRNEIE wg)

(0.1) | 3lWzlbsn)l’
(1,0) | Fl{wax[bg)l’
(L1) | 51z |sx)l’




Analysis of the strategy

We can also think about the strategy geometrically.

Using the formula

1
V2

the probabilities of different measurement outcomes can be expressed as follows.

(Wa®Wpld™) = —(Walbp)

(x,y) = (1,1) V)
(a,b) Probability N”Tn)
(0,0) | 3wz lb-_z)’
(0,1) | zHwzlbsm)®

b

=)

(1,0) | 3wz |b=x)’
(1L1) | 3HWax o))




Remarks on the CHSH game

e The CHSH game is not always described as a game — it’s often described as
an experiment, or an example of a [Z{ZI8{=5 4

e The CHSH game offers a way to [2{algiul=pielilact  the theory of quantum
information.
(The 2022 Nobel Prize in Physics was awarded to Alain Aspect, John Clauser,
and Anton Zeilinger for experiments that do this with entangled photons.)

e The study of nonlocal games more generally is a fascinating and active area
of research that still holds many mysteries.



